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II – Application of the CBFM to the problem of scattering 
by complex particles :

I – Introduction :

We apply a powerful domain decomposition technique, known as the Characteristic Basis

Function Method (CBFM), to the problem of EM scattering by complex-shaped particles, and

this, in the context of a 3D full-wave model based on the volume-integral equation formulation of

the electric fields. We so take advantage of the high computational efficiency of the CBFM and its

associated good level of accuracy when modeling the problem of EM scattering by complex-

shaped precipitation particles.
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Pristine crystals (a) simulated using the snowflake 

algorithm [1] and aggregate snow particles (b)
Frequencies of interest : 

(35 - 380 GHz) 

3D full-wave model based on the use of

the volume integral equation method

(VIEM) with piecewise constant basis

functions.

The model is applied here to pristine ice

crystals and aggregate snow particles

simulated by Kuo et al [1] using a 3D

growth model pioneered by Gravner

and Griffeath [2]

Integral representation of the total electric field (EFIE) :   

where

The particle is discretized into N cubic cells Ωn ,of side cn,

small enough to consider that the field inside is constant

Application of a Method of Moments (MoM) :   

where

and

After dividing the 3D complex geometry of the precipitation particle of N cells into M blocks of

height hB, the CBFM procedure [2] consists in generating Si Characteristic Basis Functions (CBFs)

for each block i in order to generate a final reduced matrix of size K x K where K = Sum (S1, S2,

… SM). This results in a substantial size-reduction of the MoM matrix and enables us to use of a

direct method for its inversion.

Application of the Characteristic Basis Function Method :   

Generation of the CBFs

Computation of Zc

Block i

Example : M = 4

K = S1 + S2 + S3 + S4 << 3*N

Compression Rate

ICR (%)  = 100 ×
size of ZMoM

size of Zc

NIPWs

Singular Value Decomposition (SVD)

thresholding (% σ1*10-3) 

Si CBFs for the block i

NIPWs

By storing and solving

the resulting reduced

system of equations,

instead of the original

one, we are able to

achieve a significant

gain both in terms of

CPU time and required

memory.

3 N

CBFM-E 

K << 3N

We compute the extinction, absorption, scattering and back-scattering efficiency factors Qext =

Cext/πa2, Qabs = Cabs/πa2, Qscat=Cscat/πa2 and Qbks=Cbks /πa2 as functions of x = ka=2πa/λ, and

compares the results with those derived from the Mie series (spherical particle) and with those

calculated using Discrete Dipole Approximation as coded in DDSCAT 7.1.

The scattering properties of a spherical particle calculated 

with the CBFM and Mie

DDScat : 232 min
CBFM-E : 143 min

Nbc = 140896 cells

The scattering properties of an aggregate snow particle of effective radius ap=1.614 mm (max. dim. = 11.45 mm) 

calculated using the MoM/CBFM-E and DDScat

Z is the 3N x 3N full matrix

representing the interactions between

the cells composing the particle. Ei is

the incident field of size 3N and E is

the unknown solution vector of size

3N that represents the total electric

field inside the particle in the x, y and

z directions.

if m = n :  

if m ≠ n : 

where

if p = q ; 0 if p ≠ q
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As well known, the VIEM is limited by its heavy computational burden, which scales as O[(3N)2].

To overcome this burden, we employ the CBFM which has been proven to be accurate and efficient

when applied to large-scale EM problems, even when the computational resources are limited.

Direct solver

Enhancement mo are employed to substantially reduce the CPU time needed to compute the CBFs

and to generate the reduced matrix Zc or to increase the compression rate achieved by the CBFM.

2. Use of the ACA to speed-
up the generation of Zc

𝑍𝑖,𝑗
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and r (effective rank of Zi,j
MoM)

<< 3 Ni and 3 Nj
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1. Diagonal representation 
of the MBFs

(3Ni)
3

3Ni

3. Multilevel scheme of 
the CBFM

 Better adapted to multiple right-

hand side problem

Highly amenable to MPI 

parallelization

 Subject to a wide variety of 

enhancement techniques 

 Adaptable to the needs of the user 

(memory or CPU time) through hB

III – Numerical results :

For each incident direction (θi,φi), Cext , Cscat and Cbks are derived from the scattering matrix S as follow 

𝐶𝑒𝑥𝑡 =
2𝜋

𝑘2
𝑅𝑒 𝑆𝑉𝑉 𝜃𝑓𝑤𝑑, 𝜑𝑓𝑤𝑑 + 𝑅𝑒 𝑆𝐻𝐻 𝜃𝑓𝑤𝑑 , 𝜑𝑓𝑤𝑑

𝐶𝑠𝑐𝑎𝑡 =
1

2𝑘2
 
0

2𝜋

 
0

𝜋

[𝑆𝑉𝑉 𝜃𝑠, 𝜑𝑠
2 + 𝑆𝑉𝐻 𝜃𝑠, 𝜑𝑠

2 + 𝑆𝐻𝑉 𝜃𝑠, 𝜑𝑠
2 + 𝑆𝐻𝐻 𝜃𝑠, 𝜑𝑠

2] sin 𝜃 𝑑𝜃 𝑑𝜙

iterative application of 

the CBFM, in which 

the generated CBFs 

are progressively 

grouped to form the 

upper level blocks. 

A two-level decomposition 

of a pristine crystal.

𝐶𝑏𝑘𝑠 =
1

2𝑘2
[𝑆𝑉𝑉 𝜃𝑏𝑘𝑠, 𝜑𝑏𝑘𝑠

2 + 𝑆𝑉𝐻 𝜃𝑏𝑘𝑠, 𝜑𝑏𝑘𝑠
2 + 𝑆𝐻𝑉 𝜃𝑏𝑘𝑠, 𝜑𝑏𝑘𝑠

2 + 𝑆𝐻𝐻 𝜃𝑏𝑘𝑠, 𝜑𝑏𝑘𝑠
2]

 𝒒

Single incident direction/target orientation:   

where (θs,φs) describes the scattering direction and (θfwd, φfwd) and (θbks, φbks) refers respectively to the

scattering forward direction and backscattering direction

As we can see below, applied to a numerically 

large particle, the OpenMP CBFM code overtake 

the OpenMP DDScat code in terms of CPU time 

even for a single incident beam (for CBFM) / 

target orientation (for DDScat)

Orientational Averaging over incident directions:   

The angular averages are accomplished by evaluating 

the scattering quantities (f =Qext or Qsca or Qbks) for 

selected incident directions (θi; φi). 

𝑓 =
1

4π
 

0

π

 

0

2π

𝑓(θi, φi) sin θi dθi dφi

Combined to a direct solver-based method, this enables us to overcome one major drawback of  

DDScat coming from the fact that if orientation averages are needed then computationally greedy 

linear equations must be solved repeatedly.  

The averaged scattering quantities of a numerically medium aggregate 

snow particle (a0013) discretized into N = 24385 cells by MoM/CBFM-E 

and DDScat. The particle is of effective radius ap= 0.899 mm (max. dim. = 

6 mm). The simulation is compared under many aspects to the one of a 

pristine crystal (p04; ap=0.933mm; max. dim. = 9.05 mm). hB designates 

the size of the CBFM blocks decomposing the particle.  

OpenMP

codes

DDScat : 3458 min
CBFM-E : 210 min

16 CPU 16 
GB of RAM

hB=0.6mmhB=1.5 mm


